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4hstricl ; Effects of electron correlation on positronium formation in positron-helium collisions have been studied using first-order Born 
and first-order distorted-wave approximations. Two correlated bound-state wavetiinctions are proposed to calculate total capture cross sections at 
mcideiu positron energies from the threshold at 17.8 eV upto 2000 eV. A huge collection of cross section data is compiled using these correlated 
and several other no-correlation wavefunctions. Present results, as expected, indicate that the electron correlation has a profound effect on the 
positronium formation. The correlated wavcfunction which satisfies a better cusp condition of value 0.46 seems to predict realistic cross sections 
at all incident energies.
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Iniroduction
lie main objective of this study is to present in some detail 
e effect of electron-electron correlation on the positronium 
ifs) formation cross section in positron-He collisions within 
framework of the first-order theories, namely, the first 
iom approximation (FBA) and the first-order exchange 
?iproximation (FOEA), which have yielded useful results 
i^thout the consideration of this bound-state correlation for 
Vli). Ps(rtOO) and Ps(aos') formation cross sections [1].
As is known [1], FOEA corrects for one of the main 
leficiencies of the first Bom theory for rearrangement 
collisions, namely, the problem of nonorthogonality between 
initial and the final bound-state wavefunctions. It is 
|istructive to compare FOEA with the first-order distorted- 
"'0 theory of Bassel and Gerjuoy [4] who used it for the 
coarge-transfer in proton-hydrogen atom collisions.
Recently Chaudhuri et al [5] have performed an FBA 
calculation on Ps formation in He with their correlated 
nund-state wavefunction at intermediate and high 
Ic'crgies, and have noticed profound effect of the electron- 
ptron correlation on the capture cross sections even at 
I'Eh energies.
In order to make similar first-order studies, we have 
proposed two simple correlated bound-state wavefunctions 
and have applied them in our calculations.
Denoting atomic electrons by particle 2 and particle 3 
with coordinates ra and ra relative to helium nucleus, these 
wavefunctions are of the form [6] :
= +C2e-'‘'i>]+(2 ^  3)} (1)
where the non-linear variational parameters have been 
optimised by the Monte-Carlo method within the Raieigh- 
Ritz variational principle. The optimised values of the eigen- 
energy £> and the cusp condition tj satisfied by the bound- 
state wavefunction are given below alongwith the other 
variational parameters :
(I) A = 2.207, B =  1.412 ^  = 0.222,
Cl = C3 = 1.0, C2 = C4 = -  0.623
/rjV= 1.7192,
£i = -  2.901928 (a.u.)
= 0.37,
(2)
|C“iicsponding Author O 2002 lACS
458 Sabyasachi Kar and Puspajit Mandal
(II) = 2.2. B =  1.385 /i = 0.5,
Cl = C3 = 1.0, C2 = C4 = -  0.48
itN =  1.1931 = 0.46,
c, = -  2.901402 (a.u.) (3)
The Eckart [7] wavefunction which incorporates a certain 
amount of radial correlation has been obtained by us [6] with 
the following values of the parameters :
(4)
with .4 = 1.188, B = 2.184, C| = C2 = 0.709, a  = - 2.87566 
(a.u.)
Over the last six decades, several simple uncorrelated 
wavefiinctions due to various authors have been widely used 
for the purpose of scattering calculations. We list three such 
wavefiinctions due to Hylleraas [8] ;
= .r’= 1.6875; (5)
due to Green et al [9] :
r ( f )  = ;^ (e -* ^ + c c -2 " ),
N  = 2.9684, c = 0.6, z  = 1.4558; (6)
and due to Byron and Joachain [10] :
r { ') =
A = 2.60505, B = 2.08144, a  = 1.41, 0  = 2.61. (7)
It is to be mentioned that in all of our calculations on Ps 
formation in positron-He collisions, we have used the 
essentially “exact” value of the eigen-energy e ,~ -  2.903724 
(a.u.) for normal He due to Pekeris [11] and Drake et a/ [12], 
as, otherwise, the threshold for Ps formation in He would 
have shifted towards a lower value from the actual energy 
of 17.8 eV.
2. Theory’
We assume that the positron (particle 1) is incident on 
the normal state ^ hc( '’2> ' i )  o f  helium in the incident 
channel, and in the final channel, it c^tures one of the two 
electrons, say, particle 2, to from the Ps atom in a state 
rf/(Jt), while the helium ion ^H«+(r3) is left free in the ground 
state.
The scattering amplitude for Ps formation may now i 
written from the two-state approximation as [13] •
g(*/. *.) = -  (^. n ) ( f f - E )
ri)dRdsdr^ ^
with 0 f  (If, 5, r3> = exp 1 kf.s) 7/ (R) ^ ^ ( ^ 3) ,
-s = (ri + r2)/2, if = ri r2 
and the final reduced mass jjj = 2.0 (a.u.). Here H and 
denote respectively the full Hamiltonian and the total enci 
of the scattering system. The positron scattering funct 
F /(ri) satisfies the outgoing-wave boundary condition, a 
h ft kf are the momentum vectors of the incident posiu 
and the moving Ps respectively.
In eq. (8) we can operate on the Hamiltonian from 
left-hand-side (post form) or from the right-hand-side (pr 
form). This introduces the so-called "post-prior” discrep; 
in the calculations. In order to write the amplitude in 
we use the plane-wave representation for the incident 
F /(r |)  exp(/A,.r|). In FORA, on the other hand, we ret
certain first-order terms and then use plane-waves for F, (i 
These are discussed in detail by Mandal and Guha [ 
Shakeshaft and Wadhera [3].
The Ps formation scattering amplitudes in FBA i 
FORA are obtained as :
pr
V ,{t\)^,{i\,ri,ri)dR ,ds,dr^  (
where the post, the prior and the static interactions, Vpo, I 
fJs(ri), are given by
2 2 I Iy  =r p o ^  2^3
y - 2 _ _ L _ J _
r, /-.j /13
^3
(a.i .)
(a.u.)
and L'.(»l) = (a.u.)
In this calculation, we have used the wavefiinctions giv 
by cq. (I) -  eq. (7) for normal He in order to study the eff 
of electron correlation on the Ps formation at intermedia 
and high energies. We use further for <^hcK^3)» ’
exact wavefiinctions :
( is) = V ^ ^ e x p C -z rs ) , z = 2.0; (I
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and =
Xf= 1/2.0 (a.u.), (nlm = 100). (17)
V Results and discussion
fht- FBA. FOEA scattering amplitude for Ps formation using 
,),e correlated wavefunction (1) involve single dimensional 
integrals over [0,1] which have been evaluated numerically 
ubing the Gauss-Legendre quadrature method. Convergent 
ic!,ult.s have been obtained with a total number of 20 mesh 
points The total Ps formation cross section has been obtained 
using the formula
(T, = 2 x 2 { * / . * . ) !  sm0dd{nal),
2). (18)
! factor o f  two in front is required to find the capture 
probability of anyone of the two atomic electrons. Convergent 
;ioss sections are found in our calculations with 36 Gauss- 
fgcndrc quadrature points at all incident energies from 
50 eV up to 2000 eV. We have verified our calculation 
vuh the available results of Mandal eta l [\]hy  reproducing 
fieir results from our computer code.
f J FBA cross sections :
\'c have compiled a huge collection of FBA and FOEA total 
ross section results for Ps(fr) formation in He with and 
uihout electron correlation. We however show in Table 1
able 1. The total FBA and FOFA cross sections in units for l»s 
irmation in £»^ llc collisions at incident energy range 18 eV -  2000 eV. 
he notation x ± y  stands fo r x x 10
(cV)
Mandal e ta l
FBA FOEA FBA FOEA
SO a 0.174 +  1 0.240 +  1
b 0.134 +  1 0.193 1
100 a 0.366 +  0 0.406 +  0 0.151 +  0 0.121 + 0
b 0.290 ^  0 0.297 + 0 0.149 4 0 0.129 +  0
>00 a 0.376 -  1 0.540 -  1 0.147 -  1 0.154 -  1
b 0.344 ~  1 0.531 -  1 0.169- 1 0.192 -  1
100 a 0.766 -  2 0.129 -  1
b 0.788 -  2 0.147 -  1
100 a 0.226 -  2 0.417 -  2
b 0.253 -  2 0.514 -  2
>00 a 0.838 -  3 0.164 -  2 0.298 -  3 0.461 ~  3
h 0.999 -  3 0.210 -  2 0.351 - 3 0.538 -  3
'50 a 0.128 -  3 0.266 3
b 0.167 -  3 0.355 -  3
000 a 0.322 -  4 0.677 -  4 O.IOI - 4 0 .1 9 9 -4
b 0.433 -  4 0.905 -  4 0 .1 0 5 -4 0.198 -  4
000 a 0.102 -  5 0.198 -  5 0264 -  6 0.598 -  6
b 0.133 -  5 0.252 -  5 0.230 -  6 0,515 -  6
post interaction, b prio r interaction.
the results corresponding to only two He wavefunctions, one 
correlated and the other uncorrelated, namely, ^[j^(II) and 
formation cross section values however display 
similar nature; rising from the threshold to a peak value 
around 23“' eV, they falloff slowly with increasing energy. 
The open sl^ ell wavefunctions due to Hckart [7], and Byron 
and Joachaiti [lOJ, which are supposed to contain certain 
amount of rt^dial correlation, yield similar cross sections. For 
instance, at ^  incident energy of 23 eV, the total formation 
cross sectio|is due to these wavefunctions are obtained as 
1,70 a |d  1.63 /ra^ respectively with the post form of 
interaction, while at 200 cV and 500 eV these are of 0.0142 
ttag.O .014$ ttoq and 0.290 x 10  ^ , 0.296 x 10 /ra^
respectively. The "post-prior** discrepancy persists although 
negligibly even for 2000 eV positrons for all the He 
wavefunctions.
The effect of electron correlation in the He bound-state 
on Ps formation is indeed remarkable. It enhances the Ps 
fonnation cross section to some extent for wavefunctions (4) 
and (7) due to Eckart [7J, and Byron and Joachain (10] 
respectively, but to a great extent for the present correlated 
wavefunction eq. (3)(11) which accounts for a fair amount 
of electron-electron correlation as well as yields a reasonable 
value of the cusp, 0.46. At an energy of 23 eV, the Ps(Lv) 
cross section due to our wavefunction reads as 2.70 for 
the post interaction which may be compared to the values 
due to no-correlation simplest Hylleraas (5) and Hartree- 
Fock (6) wavefunctions : 1.40 and 1.62
respectively. It is however observed that the three 
wavefunctions given by eq. (4), eq. (6), eq. (7) which are 
due to Hckart [7J, Green ef al [9), and Byron and Joachain 
f 10] respectively yield similar cross sections within a few per 
cent over the entire energy range of 50 eV ~ 2000 eV, 
Moreover, the peak values of the cross sections due to all 
of these correlated and no-correlation wavefunctions with 
the post and prior forms of interactions lie between 23.0 eV 
and 30.0 eV within however a few per cent of their respective 
magnitudes. Fhese arc evident from a comparison of the 
values in Table I.
3.2. FOEA cross sections :
It is to be mentioned here that in the present calculation we 
have used the prior interaction in the calculation of the 
distortion potential for FOEA in contrast to the work of 
Mandal et al [1] who used the post form of interaction, 
instead. Using the simplest Hylleraas wavefunction for the 
He bound-state, eq. (5), as done by Mandal et a l[\], we find 
that the results are dependent on the distortion potential, the 
difference being quite significant.
Our calculation indicates that the corrections for the 
distortion due to the static field of correlated wavefunction
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(3) are profound as in FBA. At low energies o f positron 
impact, the FBA cross sections are many times smaller than 
the corresponding FOEA values. With the increase o f impact 
energy, the difference between FBA and FOEA cross sections 
become smaller. This trend is found to dominate the behaviour 
of the total Ps formation cross section even at higher energies 
by a margin o f 2-3  times.
An interesting aspect of the behaviour of the differential 
cross section due to FOEA as observed during the course of 
our present calculations is that it becomes zero at two scattering 
angles beyond 125 eV for wavefunction (3) and beyond 36 
eV for simplest Hylleraas function (5). Below this energy, 
the FOEA Ps formation differential cross section becomes 
zero at an angle as in FBA. With the increase o f energy, the 
zero in the differential cross section moves towards the 
forward angle in both cases.
4. Conclusions
We have made a comprehensive study using first-order 
theories to the effect o f electron-electron correlation on the 
ground-state Ps formation in positron-He collisions. For this 
purpose, we proposed two simple correlated wavefiinctions. 
Wavefunctions satisfying the exact cusp condition yield 
realistic total cross sections many times larger than those due 
to the uncorrelated wavefunctions. In general, the effect of
electron correlation is found to enhance the Ps fomiaiion 
cross section.
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